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In this paper a transformation of the equations of motion of an ideal
monatomic gas to the coordinates of a uniformly expanding space is in-
vestigated. With corresponding transformations of time, velocity fields,
pressures, density and temperature, equations of motion are obtained in
terms of the new variables which are the same as those in the station-
ary coordinates. This allows us to extend the entire ordinary gas
dynamics into the dynamics of an expanding gas and to juxtapose new
solutions with all the available exact solutions of gas dynamics. In
the new gas motions considered, the processes taking place over an in-
finite interval of time t (up to t = ®) are realized, which are similar
to those that in the original ordinary gas motions take place in a
finite interval of time.

In Section 1, gas motions with surfaces of discontinuity (strong dis-
continuity, tangential discontinuity) are investigated in a general
manner. Basic theorems for such flows are proved.

In Section 2, examples of the new exact solutions are investigated,
namely:

a) the uniform expansion and uniform compression of a gas;

b) source or sink type flow;

¢) "simple" waves in uniformly expanding and in uniformly compress-
ing gas.

In Sections 3 and 4 the problem of a point explosion in a uniformly
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Invariant transformation of equations of motion 741

expanding and in a uniformly compressing gas is investigated.

1. Formulation of the problem and the basic theorems. For
a monatomic gas the adiabetic index y is equal to 5/3 and, therefore,
the general equations of motion of such a gas, if external forces, fric-
tion and heat conduction are absent, have the form [1]

ou au du du - 1 dp
¥ +u 7 + v 5?‘! +w Bz """“5"'5‘; (uvw, zyz) (1.1)

3l a1l al al dw
DP+ nP+ nP+ np+ax+ _*__a_;_:O (1.2)
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where t is time, p is pressure, p is density, x, y and z are the
Cartesian coordinates; u, v and w are the vector components of the velo-
city with respect to the x-, y- and z-axes; symbols (xyz) and (uww) de-
note that the remaining equations are obtained by cyclic permutation.

Let us introduce the new independent variables

b2 b b

t=e—g—  b=g/® n=i_% =

and the new functions

t—e¢ t—e¢ o
U == 5 u—%, v = 5 vm—g—, w’=-—-3-iw—-—:— (1.5)
3

=) e P —(‘"c)sp (1.6)

where a, b and ¢ are arbitrary constants with the dimension of time.
Also, the following quantities are valid

L —T s — ’
u = u—{'—%, v=a v+ﬂ, wzabfw—k% (1.7)
a-r a——x b -—T
For the operation of differentiation we have
2B 2 d 9, 9 3 _a—vd
= ov (- c)ﬂ(35§+y%+zéf)* - 5E (1.9)
a a—-t(’) 8 _ae¢—1d d a 8 é B 3
a3y~ b om* & b &’ aT+ua_z+”a—y+w_=(:—c)aa”?“

“ﬁ":l,T)“‘(x;E+y£ﬁ 3a§>+ : ( §+v '*‘wag)
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The last relation may be transformed into the fom

a—T

) F] ] F] ) , 9 , @ , 9
7 teamt g tug=0%) (5w g+ v ) (110

If we substitute expressions (1.7) and (1.8) into equations (1.1) to
(1.3) then, by the rules of differentiation (1.9) and (1.10), we obtain
equations which are identical to equations (1.1) to (1.3) if in the
latter we replace t, x, y, z, pand p by v, §, n, {, p’, p’. Therefore,
the system of equations (1.1) to (1.3) is invariant with respect to the
transformation of variables (1.4) to (1.6). Here the following theorem
applies:

Theorem 1.1. If the set of functions

u=u'(,z,y,2), v=v(1z,9,2), w=w (zY,?2)
p=rp'(t 2,9, 2), p=p(zy 12 (1.11)

satisfies the system of equations (1.1) to (1.3), then the same system
of equations is satisfied by the set of functions

v=1ug(t, 2,9, 2) = 3w (r,E,m, §)+-,,§- (1.12)

V= vo(tnx:yrz) = 'a_"_b-_‘!v’(‘r’gi n!C) + g

W= wo(ty x’ y’ Z) = a%rw'(t’ g’ ﬂv C) +%

p=1po(tz,¥y,2) = (";')sp’ (v.£.n, §)

a—T

5
P=Po(1;$,y,z)=( b )P'(Tyg,"], C)

b g_b b
t—c¢’ - T N=r=

b
rp— Y, c=‘—:-$z (1.13)

VEFI R T = VZETy T+ 2 (1.14)

where, as above, a, b and ¢ are arbitrary constants. Here, from the con-
dition that p, and p, are positive, it follows that the new solution may
be considered only in the region where (a - 7)/b > 0, i.e. b/(t -c¢)>0.

T=a —

The validity of Theorem 1.1 may also be verified by direct substitu-
tion of expressions (1.12) to (1.14) into the system (1.1) to (1.3),
using the condition that the functions (1.11) satisfy this system.

Let E’ denote the motion determined by the functions (1.11)

Q=Q (t,z,y,2)=@ @ z1y 2, =z1y 2, v zy 2}
P’ (¢ 2,9, 2), Pty 2 (1.15)
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and E; the motion which is given by the functions (1.12), so that

QO == 90 (tv z, ya Z) = {uo (t’. z, ?/' Z), Vo (tv z, yy Z) Wo (t1 z, yv Z)}
po (¢, 2, ¥, 2), Po (¢, 2, 4, 2) (1.16)

where Q' and Q are the velocity vectors of the motions. Let us investi-
gate now a gas motion with the surfaces Z of a strong discontinuity

F@ z,y,72=0 (1.17)

The surface I separates the space into two regions: on one side of
this surface F(x, y, z, t) < 0 and on the other side F(t, x, y, z) > 0.

As in [1], we shall call the first region negative; let the values
to which any scalar or vector function b(t, x, y, z) tends, when it
approaches X from the side of the negative region, be denoted by b_; in
the other region, called the positive region, the corresponding values
of b on Z shall be denoted by b,. Let us also introduce the notation

b, — b_ = [b]
At the surfaces X of the strong discontinuity with equation (1.17),

in the case of motion E’, the conditions of dynamic consistency which
are satisfied ([1], Chap. 1, Section 2) are

[o (Gr+uim+o o+ w )] =0 (1.18)

P (F+us+oe+ "’F)[m— 1 (5 i+ 5 i+ 5 k) (1.19)
e v B 1]

=_[ ( +v"”’+w'§—f)] (1.20)

where i, j and k are unit vectors along the axes x, y and z. In addition,
the theorem of Tsemplin ([1], Chap. 1, Section 5) must be satisfied

,OF ,aF ,3F
[u Yyt ]<0 (1.21)
Theorem 1.2. In the case of motions E, the surface of a strong dis-

continuity (where the conditions of dynamic consistency are satisfied)
will be the surface ¥, with the equations

F(T1§17]1 g) =0

b b b
T=e—— PErDme 1=y eI (12)
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To prove this theorem we shall obtain first an auxiliary relation;
performing a scalar multiplication of (1.19) by r = ix + jy + kz, we
have

P'(g—f+ 'aF+v"z wLw"w)lfl’rrl——[pl(ar "“*'a,, y+2 T )(1-23)

Let us make the following substitutions in the relations (1.18) to
(1.20) and (1.21): in place of function F(t, x, y, z) we substltute
functlon Fo(t, x, y, 2) =F(1, § n, {), and instead of u’, v’, v’, p’,
p’ we subst1tute functions uy, vy, w,, py, p,, determined by the rela-
tions (1.12), (1.13) and (1.14). We also substitute for the derivatives
with respect to t, x, y and z the derivatives with respect to T, £, 7,
, using the differentiation rules (1.9) and (1.10). Then, using equa-
tions (1.20) and (1.23) and also the relation [r x r] = 0 in the trans-
formations, we obtain equations which are obtained from equations (1.18)
to (1.21) by the formal replacement of t, x, y, z, u’, v’, v’ by T, &,
n, 8 uy, vy, w,, respectively.

In this way, conditions (1.18) to (1.21) which are valid on the sur-
faces F(t, x, y, z) =0 in the case of motion E’, will be equivalent to
the conditions described on the surfaces F(v, €, 1, ) = 0 in the case
of motion E,.

Hence it follows that the dynamic conditions of consistency are
satisfied on the surfaces Z, for the motion E;, provided they are satis-
fied on the surfaces Z’ for the motion E’. Thus, the Theorem 1.2 is
proved. If the surface X' with equation (1.17) is the surface of a
stationary (tangential) discontinuity for the motion E’, then the sur-
face Xz, with equation (1.22) will also be the surface of a tangential
discontinuity; indeed, if on the surface of the motion E’ the conditions
are satisfied that the I’ surface at all times consists of the same
particles in each of the regions separated by it

6F oF
+ +8z+ +ay+ +az=0’ ﬁ—*_ —8z+v-6y+w7=0(124)

and the conditions of dynamic consistency
[pl =0 (1.25)

then they are satisfied on the surface Z; of the motion E,; this may
easily be verified by the corresponding substitutions.

If the surface F(t, x, y, z) = 0 of the motion E’ is a non-penetrated
boundary, then the surface F(v, §, n, {) = 0 will be a non-penetrated
boundary in the motion E,.



Invaeriant transformation of equations of motion 745

The results obtained allow the juxtaposition of any motions E’ of an
ideal gas, with and without strong discontinuities, with motions E;.

2. Examples of nev exact solutions. a) Let u’ = v’ = w’ =0,

p" =p'(x, y, z), p' =p, = const, that is, E’ corresponds to a state
of rest. For E; we obtain

z Yy oz
t—c!

Po=(t—bc)sp' (t.fc z, t_l:c Y, ‘_bc Z), Po=(t_c)ls o (2.2)

where p’ is an arbitrary positive function of the arguments. These
motions were obtained by Sedov [2] for arbitrary y and p’ = const, as a
special case of similarity gas motions having central symmetry. However,
these motions deserve particular attention because they possess a pro-
perty of homogeneity: the velocity fields of the particles relative toa
coordinate system fixed with any moving material particle are the same,
and thus the point x =y = z = 0 in this sense does not differ from any
other point. Indeed, for any fixed particle x o Y,» %, equations (2.1)
obviously give the following law of motion

uo=

2.1)

dz, Lo Y Y dz, Zy

dt ~ t—c¢’ dt t—c '’ dt ~ t—c¢ (2.3)

Yo _ 2y
s Ve const, T

= u, = const,

=w, = const (2.4)

Any particle under consideration moves with a constant velocity u o
v,,» w_. Every particle moves at constant velocity, but the velocities
of two different particles are different. Fixing the system of coordi-
nates to a given particle, let

Ty =T — Ty, Y1=Y — Yx Z) = Z— Zy
U, = U — Uy, V= v — v, Wy =w —w,

Then equations (2.1) will take the form

1 N _ 4

hW=3"—¢» UnU=3-

which is what was asserted. Equations (2.1) and (2.2) for ¢ < t and
b > 0 give a uniform expansion of a gas, and for ¢ > t and b < 0 they
give a uniform compression of a gas.

In the case of motions in uniform expansions and compressions,
characterized by equations (2.1) and (2.2), the velocity vector at
every moment of time in all space is Q = (¢t - ¢)~!r (proportional to
the radius vector r), and the pressure p is a function of time only.

If it is known that a certain motion at some moment of time t = to
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possesses these properties, then it will possess them also at ¢t > to-
Let us solve the following Cauchy problem. Let

u = X:IJ, v = Xy, w = Az (A = const)
P =f(xv Y, z)v P = po = const for t=1
We shall find the motion for t > t,. Putting
b=1/2, c=t,—1/A

in equations (2.1) and (2.2), and replacing the arbitrary function p’
by f, we obtain the solution of the given Cauchy problem

- Az - M A
b=tt—wFi' "TiewFr1r YTria—mEi (2.5)
_ 1 x v z
R= =T 1P /(u—mo+zo’ Gt—At 1) ° (m—uo+1) (2.6)
I S @.7
P ="t e ho ‘

Thus, the motion for t > t;, is indeed the motion of uniform expansion
or compression.

b) Motion E’ will be a steady spherical source or sink flow of an
ideal monatomic gas. It is described by the well-known relations [1]

. _ 1 po g 3/2 _ P 5/3
4“"292) - Q’ p - pO (1 10 Po v ) ’ - pO(Po )
Q = const, po = const, Do = const (2.8)

According to Theorem 1.1, in order to obtain motion Ej, we have to
replace v, p, p and r by

S S = S e N e R =ty

respectively.

The new solution will be non-steady and it is defined by the relation
t—c\* r
/m( 5 ) r2p<v-— t_c)z Q
. b \3 1 po (t—¢ r\27%/2 _ p \8/3
P—Po(,—:;) [1_WE(TD‘T” , P—Po(g) (2.9)
c) Motion E’ is a "simple" Riemann wave; the relation between quanti-
ties for waves of the two types is given by the relations [1]
z = (%u +a)t + f (w), v =0, w=20 (o = const) (2.10)

1 51
ﬁp1/5=:t§u:td, p—?

= p8/8 (3 = const) (2.11)

w
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where f(u) is an arbitrary function of the arguments. For the motion E,
using Theorem 1.1 and choosing arbitrary constants of the transforma-
tion of variables, we obtain in connection with case (a) "simple" waves
in a uniformly expanding and compressing gas

(2.12)

}‘_(t__”im_—:{%[(m_kto—}-i)-u—-kz]+a}r+f[(?st——~?\.to+1)u—?\.x}
Ay _ A 51 4 — t—t

=Ti—wFl YT Ta—wmyi PTI PN VTS aa—m T

B — My +1)p/s= 2 [(M—A+1)2—Azlta

Taking the plus sign on the rlght -hand side of the first of equations
(2.11) and assuming f(u) = = Bpll/S, p, = const, we obtain the
known solution of the problem of motion of a gas for t > 0, where t = 0

for the half-space x > 0

5 1
u =0, P = p; = const, p=pl=_3..6.2,plsls
for the half-space x <0 p=0 »n=0
. 3 z 5 p \L/2 e
—i[F-(E2)7) s-e-o am
121

1
z iﬂ 1/2 “5___)1/2 (1)1/5_}_3- i(iﬂ)l}ﬁ
t<(391)’(3p1 21 —4t+4 3 ;A

The corresponding motion Eo is given by the equations

3 z 5 pyi/2 -1 Ax
u=7{[t—:¢,_('§p—) ](M—M"'!_i) +Mz To) + 1
Ay Az
=ii—wmTir Y= M T to) 7 (214

(351)”"’(;:)‘“ rmariltea 1R ]

These relations give the solution of the problem of the gas motion
for t > t,, which at the time t = ¢; in the half-space x < 0 satisfied
the conditions p = 0, p = 0, and in the half-space x > 0 satisfied the
relations u = Ax, v =Qdy, w = Az, p = p, = const, p = p, = const.

It is interesting that the velocity of the gas particles next to the

boundary of the region of zero pressure is the same for the motions E’
and E; being equal to 3(5/3 pl/pl)1 /2

3. Point explosion in a uniformly expanding and in a uni-
formly compressing gas. In the motion E’, for t = 0

u=p=w =0, p = p; = const, p = py = const
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At the time t = 0 at the point x =y = z = 0, energy E is instantane-
ously liberated [2]. For time t > 0 there are two regions, separated by
a shock wave: a region of disturbed motion next to the point r = {

[r = J(xz + y2 + z%)], and a region of undisturbed motion. We shall
write the law of the variation of the distance r, of the wave from the

point r = 0 in the form
n=(EY'R@)  r=EMTpM ro-0 G

Considering motion with spherical symmetry, let v denote the projec-
tion of the velocity vector on the radius vector. For the velocity v,,
density p, and pressure p,, the following relations (2] hold behind the
wave

v, 3(ﬂ)l“{N(t")—5 1 }, N(t,)=dlv‘(t")

A INE ar
Ne)=Y 2, N@O== (3.2)
P+ _ 5 1 py _ 3 ” 1
bttty =riVer—3 33)

We shall assume that the motion inside the disturbed region is given
in the form

v=10o, V(' 1r/ry, p=p R, r/ry) p=p P, r/ry)
vV, =1, R, H=1, P, 1)=1 (3.4)

At time t” << 1 the main terms for F(t") and N(t’) will be the ex-
pressions

Fy=am N@)=2a" @=osn (3.5
where the given value of a was obtained by numerical calculation (3].

The main terms in the expressions (3.1) to (3.3) will be 3.6)

[ E \U/s 2 _ 8 ( E )1/5 —3/6 _ _ 3 (_E_)z“ —8/5
"z—(-a;;) U, v.=71 T t p. = 4py1, Py =75hP apr t

The last expression will be exact if we put p; = 0 (strong explosion).
Inside the region of disturbance we have the expressions (3]

v ro_ (5p— 45 3 \—82/1%

wontrh mT p2/e (2 2 ) , 4/spsny B0
P (5p — 413 15 3 \82/18 R (_5___3 )82/15
e G (7__2 ) v o a—spp \z T ZhH
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Using Theorem 1.2, equations (1.22) and equation (3.1), we find that
in the case of motion E; a shock wave is propagating in the gas accord-
ing to the law

l—c 1/3 _ /8 —1/2_ 5/ b
r= -3 (m) F (v), r"—E“”pl”px“(a—n_c) (3.8)

a=const, b=r—const, c¢=const

Outside the spherical shock wave (in front of it) we obtain from
equations (1.12), (1.13) and (1.14)

ve=rt, p=p1(—,i—c)3, 1r>=111(1,fi,,)‘s 3.9)

where v is the projection of the velocity vector on the radius vector.
This indicates that a uniform expansion or compression of the gas takes
place. We shall select the constants a, b and ¢ such that motion Eo will
give a solution of the problem of the gas motion according to the
initial conditions

u=2>_Ax, v=2»MA, wW=MA (A=const)y PpP=2py P=p 50fort=

The energy E is instantaneously liberated at the point r = 0 at
t = tg. In view of equations (2.5), (2.6) and (2.7) and their deriva-
tion, put b = 1/A, ¢ = t, - 1/A. Requiring that, in equation (3.8),
ry =0 for t = t,, we also put @ = 1/A. Then equations (3.8) and (3.9)
will have the form

1/3 - —
re= (M — My + 1) ( ) F(v), v=FEp Mpse _toh (:f...::)" 7 (3.10)
— _&t—_ — P1 — D1
R W A P= (M — Al + 1) ? p= (M —Ato -+ 1) (3.11)

For small values of 7" (values of t near t) equat1on (3.10) 1is
identical to equation (3.1) in its main term, 1f in the latter equation
we replace t by t - t,. From this it follows that in equations (3.10)
and (3.11) the quantity E is equal to the energy which is supplied
instantaneously at ¢ = t; in the motion Ej, i.e. in the uniformly ex-
panding or compressing gas. Using equations (1.12), (1.13), (1.14) and
(3.10) for the motion E,, instead of equations (3.2) to (3.4), we obtain

v=3( )llz{N(’t”) 1 }V(r".r]rg)
P1

4 3N("~"’) l(t—to)+i+l.(t-—to)+1 (3.12)

p==4

pLR(t", r /1) 5 171 3 plP(t",r/r)
G — 10 + 1P {1+N(r’)=} s PR G—t) F1F {N(" )3'——} (313
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vy = ‘2‘(%)”2{ () — 5 5yt M — Mo+ 07 + 2 {2V F (v) (3.44)
P1 (M —pito+ e =4 {1 + I_VTfT)-'}-l’ P (A ——p}.+to+ s = % {N () — %}
(3.15)

Let us first investigate the case A > 0 (explosion in an expanding
gas). From the second of equations (3.10) we have for A > 0

. ! —
— }}5;{ — =+ E_llsm llzpla/e (3.16)
From the equations (3.10) and (3.11) we find that the mass of the
gas M, confined inside the sphere which coincides with the shock wave,

is equal to

4 E
M = —3-:tp1H-F (")’ (3.17)
This mass remains bounded when t increases

lim M =My, = —np, —F (te)® (3.18)

t-»00

Equation (3.14) leads to

lim v, = vye = A (g)" *F (12") (3.19)

t—+o00
Differentiating equation (3.10) and going over to the limit we obtain

dra

. 1/3 "

lim = _Nw_x( ) F (1)) (3.20)
Let us designate the velocity of a gas immediately after the shock

wave by v_. In the first of equations (3.11) we assume r = r, (where r,

is given by the equation (3.10)) and go over to the limit; we obtain

limy_ =v = A( )1/3
t—>o0

Equations (3.19), (3.20) and (3.21) show that at t —~ « the velocity
of shock wave propagation relative to the moving particles of the gas
undisturbed by the shock wave approaches zero. Also the increase of
particle velocity due to the shock passage approaches zero. The third
of equations (3.11) shows that the denominator on the left side of the
second equation of (3.15) represents the pressure p_ in front of the
shock wave; we have

F (1) (3.21)

lim 2e = 3{N (v — 5} (3.22)

t+00 P-
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When t -~ ® the magnitude of p_ and p, approach zero. The right side
of equation (3.22) equals 1 only for 7,"” = », for finite values of T,"
it is greater than 1. Therefore, for any combination of the resulting
quantities in expression (3.16) for T,", the ratio p,/p. when t -+
approaches a finite value greater than unity.

Consider the expression for the kinetic energy E, of the mass of gas
inside the sphere of the shock wave

¢

E, = 4::3;»7“ Rdr = dary? §912’{L)’d( ) (3.23)

T3 rs
0 0

Let us find the limit of E for t - . In this limit the influence
of the first term on the right side of the equation (3.12) vanishes.
Using equations (3.10), (3.12), (3.13) and (3.16), we obtain (3.24)

-11
; _ 2/ E\Bep o mg 5 SRAYAA YA
Jim E, = 8mp,h () F () {1+N(r”w)=} §R(‘“’ S E e (E)
The internal energy Ep of the mass of gas inside the sphere of the
shock wave, in the case of a monatomic gas (y = 5/3), equals
rs 1 2
E, = 4n S—g—przdr = 6nr238p(—::) d (—r-) (3.25)
0 1]

rs

Using (3.10) and (3.13), we obtain lim E; =0 for t = o,

If no explosion occurred in the gas of mass ¥ given by the equation
(3.17), then the condition of the gas would be determined by equations
(3.11). For t = o the internal energy would approach zero, and the
kinetic energy obviously would approach the expression

. 2 E \b/c ”
lim E, = < np;A? (H)WF (Te")® (3.26)

t—>o0

The difference between the right-hand sides of equations (3.24) and
(3.26) is equal to the energy of the explosion. Considering this differ-
ence and substituting the quantity A from equation (3.16), we obtain

re

B e Frr e ] 2 o ) () 4 2)
n

or after cancelling the quantity E

”\5 !
mm (w1 )G e ) -5 =1 e
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The quantity v, may assume, as is seen from the relation (3.16),
any values from 0 to ». Dy using this unusual method, we have obtained
a certain integral relation for a point explosion in a stagnant
monatomic gas, because the functions F, N and R contained in it and de-
fined by the equations (3.1), (3.2) and (3.4) pertain precisely to this
case.

The foregoing analysis shows that, in solving the problem of the
point explosion in a uniformly expanding gas, and by means of the same
universal solution of the problem of the point explosion in a stagnant
gas, a one-parameter family of solutions is obtained in which the
quantity v, appears as the parameter. In solving the problem of a point
explosion in an expanding gas, for every fixed value of v, " up to t = o
use is made of only a "part" of the solution of the problem of a point
explosion in a stagnant gas, which is determined by the range of vari-
ation of the non-dimensional time 0 < ¢“< 1,"”. In the expanding gas
there occurs a peculiar "freezing" of the processes, corresponding to
the analogous processes taking place in a stagnant gas. This "freezing"
may come about at the stage of strong blast if, for the corresponding
To  in equation (3.3), we have

TV () = $>1

at the stage of "strong blast™ with back pressure, if
3N (v) — 2} =1

and at the stage of the dying-out of the explosion, if

%‘ {N (Tco”) - %} < 1

If A <0 (explosion in a uniformly compressing space), then for
t =ty -1/ = t°, according to the formula (3.10) 7"~ ®, and con-
sequently, in the interval of time t, <t < t, —~ 1/A, regimes are
established similar to those which are realized for an explosion in a
stagnant gas in an infinite interval of non-dimensional time: 0<t" < o,
The second equation of (3.15) gives

. . 3 v 1
lim B~ Jim Z{A ()2 — j} —1 (3.28)

Therefore, the relative pressure increase in a shock wave for
t - t, — 1/A becomes infinitely small. For t’ large the function
F(t"™) - @ as t"™N(5/3) (acoustic shock wave). Using this asymptotic
value we obtain from equations (3.10)

. 1 5 p )1/2 1
llln"l° ry Ton A (3 P1 1 ( )
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where a, is the sound velocity in the compressing gas at t = t;. The
essence of relation (3.29) is easily explained. Relations (3.11) charac-
terize the undisturbed state of the compressing gas. In this conditionm,
the region in which the velocity is greater or equal to the sound velo-
city is described by the expressions

1
o) 60

The shock wave is propagating through the gas particles, the velocity
of which is directed towards the point r = 0. If the wave becomes
acoustic, its position in space becomes fixed at the value r,, deter-
mined by equation (3.29), where the velocity of the wave propagating
through the gas particles is equal to the velocity of motion of the
particles toward the point r = 0.

It is evident that, for t - t, - 1/A, every gas particle enters the
sphere of the shock wave, because for t - ty — 1/A any fixed particle
outside the shock wave moving according to equation (3.11) approaches
arbitrarily close to the point r = 0. Expression (3.29) for r,, does not
depend on the explosion energy E. Also, from physical considerations it
is clear that if we fix the quantities A, p,, p;, and some instant of
time t = t;, t, < t; <ty — 1/A, then, provided E is sufficiently large
at the moment t = t;, the quantity r, will be arbitrarily large and, in
any case, it may be made greater than the quantity r,,. But this means
that for such values of E the radius r, of the shock wave sphere for
t > t, first increases in time and then decreases to the value ry,.

For the motion determined by equations (3.11) (for A < 0), let us
find the boundary r = r’(t) of the variation in time of the region of
infinitely small disturbances, produced at the point r = 0 when t = t,,
where t, < t, < t, — 1/A, We have

dr’ ar’ (5 n )n‘z 1 (3.31)

T A= t.,)+'1 nalear At —to) + 1

Integrating and requiring that the condition r’ = 0 at t = t, be
satisfied, we obtain

e A(5 My __t—n
r=—x(3 0" et (3.32)

For t = t, - 1/A, rv = ryy,, where r,, is determined by equation
(3.29). Thus the front of the shock wave moves with constant velocity
equal to the velocity of sound at ¢t = t,. At t = t; — 1/A the sound
waves produced at the point r = 0 at any arbitrary time reach the
sphere r = ry,. All the acoustic disturbances produced at the point
r = 0 are concentrated inside this sphere.
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4. Exact solution of the problem of a point explesion
without back pressure in a uniformly expanding and a uni-
formly compressing gas. Consider now the case p; =0 and p; # 0
(strong explosion without back pressure). For convenience we substitute
expressions (3.6) into equations (3.7), so that the quantities are ex-
pressed in terms of t, r and p, and obtain

r= (£)1/5i3/5p"“/5(5u — 42/ (%—%H)—m/m

apy
V= f_o(;lz_l)ust_s/spa/s(g,p — 4)/1s (%_%p)~sz/1sa (&1)
p = 4p, (5p — 4)9/13(4_3p)..(%_%“)sz/13

3 o (Z 5 8 \ees
p= 2—5‘91 (a_p;)z 5t"/5ll'”5 (4 — 3}‘)*5 (_2;__?”)82 15

We take the functions v, p and p determined by these equations to be
functions denoted by primes in the relations (1.12). Then, replacing r
and t in equations (4.1) by

r t—1o

MMy t1’ A=t 1" (4.2)

respectively, we obtain an exact solution in parametric form of the
problem of a strong point explosion in a uniformly expanding and.com-
pressing space

E\i/5 _ 5 3 \-82/1
,--_-(a;;) tz/s(;,t_uo.}_1),12/5(5“_4)2/13(?_7“)

__ 3 (E\/s p3/8(5p—4P3/18 15 3 \-82/185 Ar
""T(T(a—m) L A — Ao+ 1 (2 2“) +.x(t-to)+1 (4.3)
5 (5 — 4P/ (4 — 3p) (2 — 2 )/
p = dpy (A — My + 1)3(5p — 4)0/38 (4 — 3p)* (53— 5 1)
5 3 \82/15
p:_zagpl (a%';)z/srus(m_Mo_}.1)—spo/s(4_3u)—s (-2————2-p)

To obtain the law of motion of the shock wave and the values of the
quantities immediately behind it, it is necessary to assume that u =1
in the last equations. Then

ry— (&%)” “[,T‘:—tg-n]” " — M, + 1) (4.4)
v, = Taa(a%j)l/s[,ﬁ_g]—”s(m— Aty + 1)1+
+ (a%)” M= * (4.5)
p.= -233 P1 (%)S/B[ﬁﬂr” (Mt — Aty +1)78
e = WZ%TW‘ (4.6)
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Outside the shock wave, p = 0, and v and p are determined by equa-
tion (3.11). The expression for the mass of gas inside the shock wave
has the form

4 4 E\8/s t—t¢ 8/5
M =p, (}\.t —_ M0+ 1)_3 -gnrzs = g:tpl (m) [W—_io‘))-ﬂ] (47)
For A > 0 (expansion) at t - «, and for A < 0 (compression), we have
for t ~ t© = t, - 1/A, respectively (4.8)

LmM = Mo =5 npy () A05 3>0, lim M = oo (h<0)
{—s00 3 ap1 1o

In the case A > 0 the shock wave will "overtake" only those particles
in its motion which at t = t; were contained in the sphere, the radius
of which is determined by the expression

_ £1/5 2/
r-—(apl) A (4.9)

For A > 0 the shock wave will "overtake" in its motion (at t -~ t, -
1/A) every gas particle. For A < 0 the expression (4.5) for r, vanishes
at t = t, and t = t, - 1/A.

The maximum value of r, is equal to

3 21\2/8/ E\1/5 2 1
n=ree=g(—g) () (remee—gg) 440
Thus, for A < 0 the law of variation of r, with time for p; = 0
always has a non-monotonic character. Expression (4.5) is easily trans-
formed into the form

,,+=(£)”‘ (t — t)3/5 A (t — t)) + 11—2/5[-1%+x(z—z0)] (4.11)

apy

For A <0 it changes its sign at t = t; - 3/10 A-!l, i.e. before the
radius of the wave begins to decrease. For t - t; -~ 1/A we have v, ~-o,
i.e. the velocity behind the shock wave is directed toward the center
of the explosion. If A > 0 and the value of the parameter T,", defined
by equation (3.16), is sufficiently small; then formulas (4.3) and (4.2)
describe with sufficient exactness the motion in the entire infinite
range of time 0 < ¢t - ¢, < o, If A <0, then for p, # 0, as was shown
above, the shock wave becomes acoustic for t - t, - 1/A, and therefore
the given equations are valid only in a certain initial portion of the
interval 0 < t - t, < - 1/A. We note that the exact solution obtained
for a strong explosion for p, = 0 is no longer a similarity solution;
it depends on three (dimensional) parameters: p,, £ and A. The para-
meter t is not essential, because the quantity t - t; may be substituted



756 A.A. Nikol’skii

for the quantity t, thereby changing the origin of time.

In conclusion it should be noted that the reviewers of this paper
competently pointed out that the invariant transformations (1.4), (1.5)
and (1.6) may be derived from the results of Ovsiannikov [4]. This book,
unfortunately became known to the author after the paper had been sub-
mitted for publication.
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